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Set s = a + it is the complex number , suppose that Re s > 1 , the 
definition of Riemann Zeta function is 
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n=l 

The definition of Dirichlet L function is 

i( S .x) = E x(n 



n=l 



where x{ n ) is Dirichlet characteristic of mod q . 
The product of £(s) and L(s,x) is 
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c(.w.,x) = E S 



n=l 



where a n = J2d\ n x( n ) ■ H n = p^ 1 ■ ■ ■ p" u is the standard prime factor 
expression of n , then from multiplicative of a n , have 
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r=l 

easy to see , if x is the real characteristic, then there must be a n > . 

LEMMA 1. (1) When < a < 1 , there is a constant < a < 1 , we 
have the formula below established 

V- 1 " 1 ^ ( 1 

> — = -2- + a + 0( — 

l<n<? VS 



(2) when 1 < a , 1 < f 

E- 



we have 
1 

= (a - l)^ 1 
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The proof of the lemma see the theorem 2 of the page 101 , and the ex- 
ample 4 of the page 103 , of the references [1] 

LEMMA 2. Set s = a + it is the complex number , when a > , x > 
4q (\t\ + 2) , for the arbitrary nonprincipal character x °f m °d q , have the 
formula below established 

l<n<x 

The proof of the lemma see the theorem 1 of the page 447 of the refer- 
ences [ 2 ] 

LEMMA 3. Set x is the arbitrary real primitive character of mod q , 
q > 3 , L(s, x) is the corresponding Dirichlet L function. 

(1) There exist a positive absolute constant Ci , such that 

L(1, X ) > ci^log 2 ^- 1 

(2) there exist a positive absolute constant c 2 , the real zero j3 of the 
function L(s, x) satisfy 
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P < l-ca^log 4 ?)- 1 

The proof of the lemma see the theorem 2 of the page 296 , and the the- 
orem 3 of the page 299 of the references [ 2 ]. 

LEMMA 4. Set | < /3 < 1 is a real zero of the real primitive character 
Dirichlet L(s,x) function , and a n = J2 d \ n x( n ) > when positive integer 
x > q 6 , have 

(1) 

a„ x^~^ i 3 

z2 ^ = y^b l<k1,x ^ + 0<k xil ~ p) ~ 1 logx q ~ 2 log4? ) 

Kn<x P 



(2) 

— = —^—(x + 1) + 0(x *q) 

n = x+1 



Proof. (1) When positive integer x > q 6 , have 

n /3 2^ x w 2^ <#? 2^ m /3 

l<n<x l<n<x d|n l<d<x m — § 

\- x(d) v — V ^-t- V — V V 

2^ ^9 2^ m /3 + 2^ J? 2^ m /3 " 2^i + 2^ 

Kii<i3 m ^d x?<d<x m -d 



From lemma 1 (1) , lemma 2 , and lemma 3 (2) , have 

l<ci<a;3 



1-/3 

Kd<i5 Kd<i5 
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^L(l, x) + o(^q) + ol^q) + o(x^) 



V = V — V 

Z_-^2 ^-^ mP 



X(d) 



( 
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Km<x2 i5<d<i 



\\<m<xh 
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O ^x ^ logx ^ loggj = O (x (1 /3) 2 log rr ^[q log g j 



(2) Set y = x + 1 , and the positive integer x > q 6 , then 



Y n 3 Y n 3 Y X ^ Y d 3 Y m 3 
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y<n<co y<n<oo d\n 
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l<d<oo ^<m<oo 



^ d 3 ^ m 3 ^ d 3 ^ m 3 ^3 ^ 



X(d) 



l<d<j/f ^<m<oo y5<d<oo $<™<oo 



From lemma 1 (2) and lemma 2 , have 

l<d<j/3 l<d<y? 
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X(d) 



T = T — T 

Z-^ m 3 Z-^ (P 

l<m<yi m^ d< °° 
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m 3 y/q log q 



\ 



= 0(y 2 y/q log 
This completes the proof. 

LEMMA 5. Set T(s) is Euler T function. 

(1) When Res>0 , have 

poo 

T(s) = / e^u'^du 
Jo 

(2) When y > , b > , have 

e -y = -L / y-r(a)d* 



-ioo 



where = , . 
(3) Set s is the arbitrary complex number , we have 



T(s) 



1 ^ / 1 
= - + 7 + > 



71=1 
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n + s n 



where 7 is Eluer constant. 

The proof of the lemma see the page 20 , the properties 4 of the page 45 
, and the properties 8 of the page 48 , of the references [ 2 ] 

LEMMA 6. Set r(s) is Euler V function. 

(1) When I < a < \ , have V'{a) < 0, in other words, r(cr) decrease 
monotonically in this interval . 
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(2) r(§) > 2.67 , r(|) < 6 . 

Proof. (1) When | < a < \ , from the lemma 5 (3) , have 

_ m = i + 7 + f c_l_ _ i 

r(a) a ^ \n + a n 

v ' n=l x 



Via) 



1 °° 1 

- - 7 + o" t — 



Via) a ^ (n + a)n 

n=i v 
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If 1 n 7T* 
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Because when | < <r < \ , have r(cr) > , so r'(cr) < , namely , 
r(cr) decrease monotonically in this interval . 

(2) From the current lemma (1), have r(|) > T(0.334) , from the func- 
tional equation T(s + 1) = sT(s) , and consult the page 1312 of the refer- 
ences [3], have T(0.334) = > ^§ > 2.67 . On the same score, 
< r(0.166) = ^^gt < |ff < 6 . This completes the proof. 

LEMMA 7. Set x is a re& l primitive characteristic of mod q , and a n = 
J2d\n x(d) ■ When y > , Re s > | , we have 



hOO 

,3 



n=l 



J2*ne- n3u U'-'du = L(l, X )r(i)^i + 5L(0, X )C(0)^ 



where 5 = 1(1 - x (-l)) 

Proof. From the lemma 5 (2) , when u > , we have 
e - u = — / xT™ r(w) rfw 

27ri y (2) 
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Set n is a positive integer , now let us do the integral transformation in 
the above formula : u — >■ n 3 u , we have 



1 r u~ w 
2ri y (2) ^7 



r(w) dw 



+oo „ / +oo \ 

a n e-" 3u = — / V u- w r{w)dw 
= / L(3«;,x)C(3H^ ra rHd«; 



When i?ew > — | , integrand function in w — | place has a pole of order 
1. When 8 = 1, integrand function in w = place has a pole of order 1. 
from the residue theorem have the above formula 

= L(l, X )rA«-3+(JL(0,x)C(0) + ^T / L(3w, X )((3w)r(w)u- w dw 

Suppose that Res > | , y > the above equation multiply by ■u s_1 
on both sides , then integral , we have 

/v ( \ i rv 

( X> n e-"M u-^u = L(l, X )r(-) ^ uHdu 

+ 8 L(0, X ) C(0) J\ s - 1 du + ^- J i L(3«;,x)C(3«;)rH u ~ w+ "~ 1 du ) dw 



-w 



= L(l, X )n\)p^ + 6L(p,x)aO)- + 7?-. [ L(3w, X )a^)T(w)y^dw 
3 3 s — 1 s 2m J(-i) s — w 

This completes the proof. 

THEOREM. Set x is a real primitive characteristic of mod q , the cor- 
responding Dirichlet L function L(s, x) does not exist the nontrivial real 
zero. 

Proof. Set n is a positive integer and Re s > | , as variable transforma- 
tion for below formula : n 3 u — > u , from the lemma 5 (1) , have 
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so 




where y > . 

from the lemma 7 , we have 



r( S )L(3 S , X )C(3s) = 




6 6 s — L s 2iti J(-i) s 



From the above formula , We put the function T(s) L(3s, x) C(3 S ) ana- 
lytic continuation to the half plane Re s > — | , this function have a pole of 
order 1 on s — | , and when 5 = 1, have a pole of order 1 on s = . 

Now assume , L(s, x) exists a nontrivial real zero f3 , from the functional 
equation of L(s, x) , we can assume that | < /3 < 1 . 

Now take s = | , we have 



3 y /?- 1 

+ 5L(o, x )C(o)^- + — y ( ^(s^^^rH^-^ 



in other words 



3 J 1-13 
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a n e n ' iu \ us 1 du 



V \ n=l 



+ 5L(0, X )C(0)^- + — ^ ^L(3w, x )az™)r(™)j^dw = h + h + h 

Now take y = x~ 3 , x is a positive integer , and x > q 6 .we calculated the 
above formula every one on the right 

I 2 = O (5L(1, x) (p- y^j = O (x~^q^ loggj 

From the functional equation of L(s, x) , C( s ) ) an d the asymptotic for- 
mula of T(s), we have 



J S l < ^ |L(-l+^, x )||C(-l+w)|r(-i+^) 



3?/ 3 
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Now calculate ii 



h = y~]an e~ n ' iu u^~ 1 du+ ^ a n I 
n=i Jy n =x+i Jy 



e- nu u* l du = Ji + J 2 



Now calculate Ji 



Ji < an / e-" 3 ^^ 1 ^ 

n=l ^ 



I/, 



as variable transformation for above formula : n 3 u — > u , have the above 
formula 
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T - R / e-til-^ti = r(^)V ^ 

^ nl 3 J K 3 J ^ 



n=l " /u n=l 

From the lemma 4 (1) , have the above formula 

o T (l-/3) 

= r (f)^^(l,x) + ©(x^^gilogx log 4 g) 
From the lemma 6 (1) and (2), have the above formula 

o 1 — p 

< 6^^L(l,x) + 0(^)-|gfloga:log 4 g) 



Now calculate J 2 

+oo 



as variable transformation for above formula : n 3 u — > u , have the above 
formula 



+oo „oo +oo „oo E — i +oo 

s> jf « *« £ »• E ^y e rfM = — E 

n=:r+l y n=z+l 1/1 n=x+l 

From the lemma 4 (2) , have the above formula 

= ^^)(x+l)- 2 + CKyf-^-f g) < ^_L(l, X )+0(x( 1 -' 3 )^g) 

we synthesize the above calculation , have 
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i SX^-P) X^-P' X {1 -P> , ^ 1 3 

L(l )X )r(-)— F < 6 T — - L(1, X ) + ^- L(1, X )+ 0(x^-iqi\ogx\og 4 q) 

From the lemma 6 (2) , have 

x {1 ~^ x^ 1 -^ x^~^ , « l 3 

8L(1, X )— ^ < 6 T -^L(l,x) + ^^L(l, X ) + 0(x( 1 - /3 )^^lo ga :log 4 g) 

so 

T (l-/9) T (l-/9) , N , 3 

2L(1, X ) T -- < L(l jX ) + 0(^)-^Mogxlog 4 g ) 



Divided by 2L(l,x) a;*- 1 ^ on both sides , and from the lemma 3 (1) , 
have 

— — < — + O (aH g 2 logx log 6 g) 



Make x — > +oo , we have 

1 1 1 
< — < — 

1-/3 ~ 4e - 10 

so j3 < — 9 , with | < /3 < 1 contradictions . 
This completes the proof. 
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